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Abstract - This paper deals with optimal shape of hollowed beam-columns with variable cross-section having maximum natural
frequency. The cross sections of beam-column taper are the hollowed regular polygons whose depths are varied with the linear,
parabolic, and sinusoidal functional fashion. Volumes of the objective beam-columns are always held constant regardless given
geometrical conditions. Ordinary differential equation governing free vibrations of such beam-columns are derived and solved
numerically for determining the natural frequencies and the strongest shapes. In the numerical examples, hinged-hinged, hinged-
clamped and clamped-clamped end constraints are considered. As the numerical results, the relationships between frequency
parameters and various beam-column parameters such as section ratio, thickness ratio and axial load are reported in tables and
figures. The values of the frequency parameter increases with increasing section ratio until reaching the summit point and then
decreases with increasing section ratio after the summit point. This value of section ratio is the optimal section ratio for the given
beam-column parameters by the definition of dynamic optimal shape in this study.
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(a) Hollowed beam-columns with constant volume

(b) Variation of the cross-sectional depth

Fig. 1. Geometry of beam-columns
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Fig. 2. Mode shape and parameters of the beam-column

o] YOI (v, wye B-7159) EHS
ZH3EAo]ck. Fig. 20] H.91 u}o} o] g4

0] AR AF 5 HE Akl upet skt
7} epgsto] Ao 2 FAIE AEFAE 2 et o]
Wx, iy o] B3] A H7150] %2 7]
A 25NN 0|F 2IUEA 02 B3}
3},

W (x,1) = w, sin(w,t) (20)

o] Ao A w,= 237159 A %130 = x7He] 9h=o]H,
w~=rad/sQ] FE Zh= 11-5-ZH45<53(angular frequency),
i(=1,2,3,4, .. )= E2ERS, r= Aol A 2S F
A S¢S whet AISHA Fig. 28] A 22 g4
H.7]59] 753 o] L7t

Fig. 20 .1 B2 7} Aol 4] Z1-5-5HA] =9 Fig. 3]
ERA vlQ} Zro] BAj u]4 Q Ao A o] o) Ak
g 0, FHHE M % S50 ot S73Fe p7F st
A Hk. T3 H-7]50] ZESHA HH W(x, )= AlZE o]
A AFste] A5 oHA Hoh wEbA AdE 2L
Sl 57152 0]4: 8 40 = HALLE W, o] 2J5lo] g
9i7lo]e} 7102 HOISjE WA Far} R 24 v)

M+Z—de

u 'R

deformed axis

! '
_———r— i e e — | SR . AN

undeformed axis

Fig. 3. Loads subjected to beam element
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Table 1. Comparison of frequency between this study and refer-

ence!'?

Natural frequency, Ci | pDeviation
Geometry | f i 0/ \*
This study | Reference (%0)

1 28.11 28.08 0.107

oot 2 129.42 129.39 0.023

Parabo*hc ’ 3 296.07 297.71 0.554

H-H 4 534.22 533.29 0.174
n=auoo

a=1.0 1 25.87 25.68 0.388

p=3.0 01 2 118.59 118.35 0.202

3 270.64 272.30 0.613

4 490.55 487.77 0.567

1 84.52 83.93 0.698

oo 2 238.22 235.99 0.936

Parabgllc ’ 3 462.35 466.47 0.891

C-C4 4 | 78327 774.01 1.182

(xnz 1.0 1 70.91 70.61 0.423

p=3.0 02 2 200.31 198.53 0.889

3 389.87 392.43 0.657

4 660.21 651.16 1.371

" H: hinged end, C: clamped end
™ Deviation (%) = | (this study — reference) / this study | x 100
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Table 2. Dynamic optimal shape and stability region by p

Geometry p Qlopt Cnax Qmin @i
0.00 0.547 8.006 0.005 1.333
0.50 0.575 6.702 0.177 1.200
ﬂli-l(;l,z 1.00 0.602 5.111 0.293 1.048
1.50 0.626 2.768 0.448 0.845
1.71" 0.636 0.191 0.623 0.649
0.00 0.463 10.05 0.003 1.501
0.50 0.528 8.520 0.178 1.352
ﬂli-g."g’ 1.00 0.586 6.747 0.289 1.191
1.50 0.644 4.401 0.424 0.997
1.88" 0.687 0.210 0.674 0.700
0.00 0.000 21.95 0.000 1.618
1.00 0.268 12.15 0.232 1.241
ﬂ(i-g.s 2.00 0.424 6.941 0.397 0.872
2.50 0.507 2.893 0.499 0.633
2.60° 0.524 0.929 0.523 0.538
Pmax

Fig. 72 Table 2] e}l H-7]-5-9] 315 p 2} 22| Tl
8] tope, Z|4> THHE] amin 2 FHH] ot A1 FAIE
1" 02 YR Zloft Fig. 7(a)y= 9 4-214, Fig. 7(b)=
9]d-314, Fig. 7(0)& 18- 9] g 23E 2= 7A
of tisto] Yt At o] ZHEIA A FAH sk
poll ThE 22 DY a4, o] HOFE LERH Zlo]H, A2
Umin T Amax &2 WEFH RPYFHS UEHATE = HA L
T HAE B2 ko] Il g =, 412 vt
220 2L eI of7]M €= BAE H2 F
AE HH o2 A2tohs 737 A b ao oA 27
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Table 3. Dynamic optimal shape and stability region by

Geometry | f Qopt Cax (@min, Amax) De(\:);;a)'clon
0.1 | 0.552 | 11.24 | (0.068, 1.308) 0.00
0.2 | 0.559 | 7.508 | (0.102,1.281) | -33.20
pli-l(;l.l 0.3 | 0.565 | 5.780 | (0.132,1.251) | -48.58
0.5| 0.578 | 3.973 | (0.188,1.186) | -64.65
1.0 | 0.597 | 2.542 | (0.271,1.077) | -77.38
0.1 ] 0.475 17.66 | (0.070, 1.474) 0.00
02| 0489 | 11.84 | (0.103, 1.445) | -32.96
pli-gj 0.3 | 0.503 | 9.152 | (0.131, 1.413) | -48.18
0.5 ] 0.530 | 6.371 | (0.184,1.344) | -63.92
1.0 | 0.572 | 4.223 | (0.261, 1.232) | -76.09
0.1 | 0.074 | 44.61 | (0.056, 1.583) 0.00
0.2 | 0.107 | 28.82 | (0.084, 1.546) | -35.40
pi-gj 03| 0.134 | 21.83 | (0.108, 1.506) | -51.06
0.5 0.181 14.92 | (0.150, 1.425) | -66.55
1.0 | 0.241 | 10.08 | (0.206, 1.302) | -77.40

" Deviation(%) = (Gaxg = 0.) = Guax) / Gaxp= 0.1y X 100

Fig. 82 78] g} X2 HH] aop, FA TFHYE] amin
9 Xt DAY] @ AO19] TAIE THOE YERH Fo]
t}. o] JHENA AAL f 9} aon 8] TAE UERH A 0]
™, AL amin Tt aman 22 YERH A F G YepdITh
A4 QHE o] PP Y, A9 v o] B9y
o]t} o] IHES FARA 5 2 ao, 2] IAAS of
2o} o] AFgstRlrt. o] A5E o]-8stH Foixl 24
ol A FAM] kol e HHDHY] ag, 7h2 GA AT
= Qltk. &, o710 JEPA B—agy BARIS oI THREZ
A 9 B2 shsollnt st

aop = 0.5438 +0.1412f — 0.04714% (R* = 0.99) 65)
for H— H ends and p = 0.37
Agp = 0.4553 +0.3474p — 0.10884% (R* = 0.99) 66)
for H— C ends and p = 0.64
gy = 0.0419 +0.7887p — 0.30214% (R* = 0.99) 67

for C—Cendsand p = 1.55
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